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Abstract. We prove control theorems for abelian varieties over 
function fields. 



1. Introduction 

Control theorems for abelian varieties over Z'^-extensions of global 
(or local) fields aim at giving estimates for the sizes of their Galois (or 
flat) cohomology groups. They play a crucial role in the arithmetic 
of abelian varieties and have important application to Iwasawa theory. 
Control theorems are well known over number fields. In this paper we 
prove control theorems for abelian varieties over function fields. 

Our first result is the following. Let p denote a given prime number 
and let g be a power of p. We denote by the finite field of order q. 

Theorem 1.1. (The Local Control Theorem) Let A be an abelian va- 
riety over the local field K = Fg((T)). Assume that the reduction A 
of A modulo (T) is an ordinary abelian variety. Write A{Wq)p for the 
p-Sylow subgroup of A{¥q). Then for any Z^-extension L/K, we have 
the following estimate on the size of the Galois cohomology group: 



}l\L/K,A{L))\ < \A(¥. 



Similar result over local fields of characteristic zero has been proved 
by Mazur ( |Maz72] ) and Greenberg ( ^Gre03j ). These proofs depend 
on deep theorems on local points of abelian varieties. However, some 
of these theorems may not hold in characteristic p. For example, one 
remarkable phenomenon is that the p-completion of the rational points 
of an abelian variety over a local field of characteristic p is not a finitely 
generated Zp-module. Our proof (in section E]) introduces a new tech- 
nique involving a huge purely inseparable extension and hence works 
well in the characteristic p situation. 

Given an abelian variety A over a field K of characteristic p, we 
regard A as a sheaf for the flat topology on K and denote the kernel 
of the multiplication by p"^ on A by ^[p™]. If is a global field, the 
p"^-Selmer group Selpm (F) for a finite extension field F of is defined 
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to be the kernel of the composition 

where loc is the locahzation map and in the direct sum, v runs through 
all places of F. The direct limit of Selpm(F) as m — *• oo is denoted by 
Selpoo(F). For any Galois extension L/K, the p-primary part of the 
Selmer group of A over L is taken to be the direct limit of Selpoo(F) 
over all finite intermediate fields F of L/K. We write Tp for the Galois 
group of L/F and let 

resL/F '■ Selpoo(F) — > Selpoo(L)^^ 

be the restriction map. We deduce from Theorem 11.11 the following 
control theorem. 

Theorem 1.2. (The Control Theorem) Let L be a T^p- extension of a 
global field K of characteristic p with Galois group Ga\{L/K) = T. 
Assume that L/K is unramified outside a finite set S of places of K. 
Let A be an abelian variety over K with good ordinary reduction at 
every place in S . Then for every finite intermediate extension F of 
L/K, the kernel and the cokernel of the restriction map resL/p on the 
p-primary Selmer groups Selpoo(F) are finite. Furthermore, if d = 1, 
then the orders of the kernel and the cokernel ofresi/p are bounded as 
F varies. 

The number field counterpart of this theorem appears in Mazur 
( [Maz72j ) and Greenberg ( [(/renaj ). 

To show that our control theorem is very useful we give an applica- 
tion to Iwasawa theory. Denote by Ar the Iwaswa algebra Zp[[r]] and 
denote the Pontryagin dual Hom(Selpoc(L), Qp/Zp)) by Xl. 

Theorem 1.3. // the condition of Theorem 11.21 holds, then Xi is a 
finitely generated module over Ky- 

This theorem is fundamental for advances in Iwasawa theory. Such 
results in the function field case only appear recently. Lacking our local 
control theorem, these results have to depend on extra assumptions. 
For example, in Ochiai and Trihan ( [OTrOGt lUTrOSj ) . they assume that 
L/K is the constant Zp-extension unramified at every place of K, while 
Bandini and Longhi ( |BL06] ) treat the case of elliptic curve with split 
multiplicative reduction at every place of S. On the other hand, our 
control theorem reduces the proof of Theorem 11.31 to a routine task, 
because it obviously implies that the p-torsion subgroup Selpoo (L)'"[p] 
of Selpoo(L)^ is a finite group and hence the Nakayama Lemma (see 
[Was82j ■ p. 279) can be applied to the compact Ar-module Xl. Here 
is another application of our main results, which strengthen Theorem 
1.1 of [BL06] . 
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Theorem 1.4. Suppose that A/K is an elliptic curve and at every 
place V & S , A has either good ordinary or split multiplicative reduction. 
Then is a finitely generated Ay -module. 

In Section 12.31 we prove our main result Theorem 11.21 as well as The- 
orem 11.41 assuming Theorem 11.11 whose proof we postpone to Section 

m 

Finally, we set some notations. From now on, every field will be 
of characteristic p > 0. For an abelian variety A defined over a field 
K, denote by ^[1)"^] the ^'"-torsion points on A and write = 
Um^[p"']- Denote A{K)torp = n A{K), the p-primary part of 

A{K)tor- 

Suppose that i^' is a local field. We use ¥k to denote its residue field 
which can also be viewed as its constant field. Let A^{K) denote the 
pro-p subgroup of A{K) consisting of points with trivial reduction, and 
let A{K)p denote the maximal pro-p subgroup of A{K). 

For a global or local field K and for each n, we use K^^^p"^ K to 
denote the unique purely inseparable extension of degree p". Also, we 
use K to denote the separable closure of K and write Gk = GaA{K / K). 
We write ^(^/p") for Thus, the algebraic closure of K equals 

^(i/p-) \J^^^K^Vp"), The Frobenius substitution 

Frobpn : — x ^ x^", 

is an isomorphism. And we use it to identify 6*^(1/?".), for n = 1, 00, 
with Gk- 

The author would like to thank A. Bandini, W.-C. Chi, C. D. Gonzalez- 
Aviles, K.F. Lai, D. Rockmore and F. Trihan for many valuable sug- 
gestions. 

2. The p™-torsion points 

In this section, we prove that Theorem 11.11 implies Theorem 11.21 and 
Theorem II. 4[ 

2.1. Ordinary abelian varieties. Assume that is a field of char- 
acteristic p and A/K is an abelian variety of dimension g. Then A/K 
is ordinary if and only if (over the algebraic closure of K) the group 
scheme A[p\ can be decomposed as (cf. |Mum74] . Sec. 14): 

A[p] = {z/pzy X (/i,)^. (1) 

This condition is equivalent to 

Alp""] ~ (Z/p™Z)^. (2) 

In this case, the multiplication by p on A is decomposed as 

[p] = VoF, (3) 

where F : A — > A^^ is the Frobenius isogeny and V : A^^^ — > A is 
separable. 
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Lemma 2.1. Let A be an abelian variety over a local field K so that A, 
the reduction of A, is an ordinary abelian variety. Then A is also or- 
dinary and the reduction map induces an isomorphism of Gk -modules: 

A[p^] ^ A[p^] (4) 

Here Gk acts on y4[p°°] through its action on and its action 

on A[j9°°] factors through the quotient map Gk — > Gal(F/^/F/^). 

Proof. Let m be any given positive integer. By replacing K with a 
suitable finite (maybe inseparable) extension field of it, we may assume 
that yl[p''"] is rational over K and 74[p'"] is rational over F^- Let O 
be the ring of integers of K and denote by A the Neron model of A 

over O. Since A[p'"] := ker(A — »• A) is proper, quasi-finite and hence 
finite over O and (9 is a complete discrete valuation ring, we have 
AIj*™] = speci? with B = Y\Bi where each Bi is a local ring over O 
f |Mil80j L4.2(b)). Since v4[p™] is rational over ¥k, the residue field of 
each Bi equals ¥k and hence the reduction map from Homc)(B, O) = 
}iomo{B,K) = Alp""] to Homo(5,F;^) = Alp""] is surjective. The 
lemma is proved, since A[j9™'] ~ (Z/p™Z)^ and the order of is at 

most p^™. □ 

Corollary 2.1. Let A be an abelian variety over a local field K with 
good ordinary reduction and let L be a local field containing K . Then 
the following hold: 

(a) : If P is a point in A{L), then all the p^-division points of 
P are contained in In particular, the p^ -torsion 
points A[p™] C 

(b) : If L/K is separable, then the group A{L)tor,p is unramified 
over K, in the sense that every point in A{L)tor,p is rational 
over the maximal unramified sub-extension of L/K. 

(c) : The subgroup A^{L) C A{L) is a torsion free Zp-module. 

(d) : For each P E A^{L) there is a unique P' G A^^L^^^^""^) such 
that p^P' = P ^ and vice versa. In other words, we have 

A\L) =p"'A\L^^/p'''^). (5) 

(e) : Let A(L(i/p-))^:=U^A(L(Vp'"))p. Then 

A{L^'/^-\ = A\L^'/^-^) X (6) 

and 

A{L^'/^^^Xr,p^M^L)p. (7) 

If L/K is Galois, then these are Gk -isomorphisms. 

Proof. The statement (a) is directly from the arguments given before 
the lemma, while (b) and (c) are from the Gx-isoniorphism (jlj). 

To see (d), let Q G be a p™-division point of P G A\L). 

Since the reduction Q is contained in ^Ij*™], there is a point R G 
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AIp"^] C A(L(Vp'")) such that P' := Q - R E A\L^^/p'^^). Obviously, 
P' is also a p™'-division point of P, and for a G Gl, we have (from (c)) 

"P' - p' G aIp"^] n A^L^^/p""^) = {0}. 

To prove (e), for each m we consider the following commutative 
diagram of exact sequences induced from reduction maps: 

0^ A\L) A{L)p A{¥l)p ^0 

i i II 

where the down-arrows are natural inclusions. Suppose Q G A{L)p so 
that its reduction Q G A{¥l)p has order p", and let P = p^Q G A^{L). 
According to (d), there is a P' G A^{L^^'p'"^) such that p"P' = P. 
Then the point Q — P' is contained in A{L^^/p'^^)tor,p and the assignment 
Q I— »• Q—P' define a natural isomorphism from A{¥l)p to A(L^^/p'"))for,p 
for large m. Thus, if m is large enough, then there is a natural splitting 
of the exact sequence 

Ai(L(i/P'")) ^ A{¥l)p — > 0. 

Thus, we obtain ([6]) and (JTj) by letting m ^ oo. □ 

Next, we consider the case where the abelian variety A is defined 
over a global field K of characteristic p. Let L/i^ be a Zp-extension 
unramified outside a finite set 5* of places of K. Let Fq denote the 
stabilizer of A{L)tor,p for the action of F := GdX{L/ K) and let Lq denote 
the fixed field of Fq. We call a pro-p Galois extension pro-p cyclic if its 
Galois group is either finite cyclic or isomorphic to Zp. 

Lemma 2.2. Let notations be as above. Assume that one of the fol- 
lowing holds: 

(1) A has good, ordinary reduction at every place v E S. 

(2) A is an elliptic curve with good, ordinary or split multiplicative 
reduction at every place of S. 

Then there is a finite intermediate extension Kq/K E Lq/ K such that 
Lq/Kq is a pro-p cyclic extension. 

Proof. Note that if A has good, ordinary reduction at a place v, then 
A/K^ is ordinary and hence K^Lq is unramified over (Corollary 
12.1( b)). Also, if A is an elliptic curve with split multiplicative reduction 
at some f G S* so that the Tate's curve has period Q G K^, then K^Lq = 
K n {U^^-^K^{Q^/P")) = K„. This shows that Lq/K is everywhere 
unramified. 

We then apply the global class field theory (c.f. |Tat67] ) which tells 
us that the Galois group Wk,p of the maximal everywhere unramified 
pro-p abelian extension of K fits into an exact sequence 

— > Ck,p — * Wk,p — ^ Zp — > 0, 
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where Ck,p is the p-Sylow subgroup of the class group of K and deg 
is induced from the degree map on the group of ideles. We choose a 
subgroup Wq ~ Zp of Wk,p and choose Kq to be the fixed field of Wq 
under the action of Wk,p on Lq. □ 

2.2. Cohomology groups of the torsion points. In the next step, 
our goal is to bound, for i = 1,2, the order of the cohomology group 
W{L' / K, A{L')p), where L'/K is a finite intermediate field extension 
of some given Zp-extension. To achieve this goal, we first establish 
the following lemma in which G is a finite p-abelian group with d 
generators acting on a finite p-abelian group M. We assume that there 
is a subgroup Hq G G such that G/Hq is cyclic and = M. 

Lemma 2.3. Let notations and conditions be as above. Then we have 

|H^(G,M)| < |M^|^ (8) 

and 

|H2(G,M)| < IM^I"^'. (9) 

Proof. Consider the inflation-restriction exact sequence: 

}i\G/Ho,M"'') }i\G,M) ^ }l\Ho,Mf/"\ 

We shall bound the orders of ker(res) and Im(res). Since G/Hq is 
cyclic, by computing the Herbrand quotient, we see that the order of 
}i\G/Ho,M^'^) equals \M^/Af\, where J\f is the image of the norm 
map Ng/Ho '■ M = — > M^. Also, since M is fixed by the action 
of -f^o, we have 

B.^{Ho,Mf/"'' = }iom{Ho,M^). 

To proceed further, choose a basis ei, Cc of G, for some c < d, so that 
e[ := ^"^61,62, ...,ec, for some non-negative integer m, form a basis of 
Hq. The cocycle condition implies that if p is a 1-cocycle representing 
a class in H^(G, M), then the value p{e[) equals Ng/Ho{p{^i))- This 
implies that the image of res must be contained in the subgroup 

{0 G Rom{Ho, M^) I 0(e;) G M}, 

whose order is bounded by |M'-^|'^~^ ■ lA/"]. Therefore, the inequality (E]) 
holds, since 

I ker(res)| ■ | Im(res)| < \M^/J\f \ ■ \M^\^''^ ■ 

We prove the inequality ^ by induction on d. The case where 
= 1 is easy, since H^(G,M) = /Ng{M). If d > 1, we choose a 
cyclic subgroup Hi C Hq such that G/Hi is generated by c? — 1 ele- 
ments. According to the associated Hochschild-Serre spectral sequence 
(cf. |Sha72] ) . we have exact sequences 

— ^El^ YL\G, M) li'iHi, M'f/^' 
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and 

R^G/H^, M^i) — > El — ^ YL\G/Hi, li\Hi, M)). 
Therefore, the desired bound for the order of H^(G, M) can be derived 



from the following lemma. □ 
Lemma 2.4. Under the above assumptions, we have 

\YL\G/Hi,M^')\<\M^\^'^~^^\ (10) 

\B'{G/Hi,}l\Hi,M))\ < |M^|'^-\ (11) 

\B.\Hi,Mf/"^\<\M^\'^. (12) 



Proof. The inequality fIlOp is in fact the induction hypothesis. To show 
(llip . we first note that since Hi is cyclic and acting trivially on M, 
the group := R^Hi, M) satisfies N'^ = Hom(ifi,M'^) and |A^^| < 
|M*^|. In view of this, we see that the inequality ([H]) for the case where 
the pair (G, M) = {G/Hi,N) implies 

Again, since Hi is cyclic, acting trivially on M, we have 

where is the order of Hi. To bound the order of this group, we 
consider the exact sequence 

— > {M/p^Mf/"' — > }l\G/Hi,p^M^), 

which is induced from 

— ^ p^M — > M — > M/p^M — ^ 0. 

We have 

\}i\G/Hi,p^M^)\ = |Hom(G/i7i,p'M^)| < {M^l'^-K 

□ 

Corollary 2.2. Suppose that K is a local field of characteristic p , L/K 
is a 7jp- extension and A/K is an abelian variety with good, ordinary 
reduction. Then for every finite intermediate extension L' / K G L/ K 
we have 

\Y{\L'/K,A{L'\,r,p)\ < \A{K\or,X, 

and 

\li'{L'/K,A{L%,r,p)\<\A{K\,r,pf 

Proof. Corollary 12. 1( b)) says that A{L)tor,p is unramified. Let Lq/K he 
the maximal unramified subextension of L/K and put G = Gal{L' / K), 
Ho = Ga\{L'/Lo n L'). Then apply Lemma O □ 

Corollary 2.3. Suppose that A, K , L satisfy the condition of Lemma 
12.21 Let F/K he a finite intermediate extension of L/K. Then for all 
intermediate extension V / F (ZL/F , the orders of H.^ (L' / F, A{L')tor,p) 
and }i'^{L' / F, A{L')tor,p) OLre hounded. Furthermore, if d = 1, then the 
hounds can he chosen to he independent of F. 
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Proof. Let Kq (Z Lq (Z L he as in Lemma 12. 2[ Without loss of gener- 
ality, we may assume that F = K for the proof of the first statement. 
Put K'q = L'nKo.G = Gal{L'/K'o) and Hq = Gal{L'/Lo n L'). Ob- 
viously, A{KQ)tor,p is contained in A(i^o)tor,p- Therefore, from Lemma 
12.31 we see that for j = 0,1,2 the order of the Gal(-K'Q/-ft')-module 
W{L'/K'q, A{L')tor,p) is bounded by |y4(fCo)ior,p|* which is independent 
of L'. This implies that the orders | W{K'J K,W {L' /K'^, A{L')tor,p))\, 
for i + j = 1,2, are also bounded. Then we use the Hochschild-Serre 
spectral sequence 

W{KyK,W{L'/K'„A{LXr,p)) =^ (L' / K, AiL%^r,p) 

to verify the first statement. 

Now consider the case where d = 1. Let Kn be the nth layer of L/K. 
Using Herbrand quotient, we see that for F = Kn, 

\R\L'/F,A{L%r,p)\ = \B.\L'/F,A{L%,r,p)\ < \A{Kn)tor,p\. 

This bound increases with n. To find a bound independent of n, 
we first note that A{L)tor,p is cofinite over Zp and consider the p- 
divisible part A{L)tor,oo of A{L)tor,p- Let T denote the finite quotient 
A{L)tor,p/A{L)tor,oo, and let uq be a positive integer such that if n > Uq, 
then A{Kn)tor,p contains A[p^] H A{L)tor,p- 

Suppose n > uq and Q e A{Kn) fl A{L)tor,oo- It is easy to see that 
there is a Q' G A{Kn+i)r]A{L)tor,oo such that pQ' = Q and for every a e 
Gal{Kn+i/Kn), the point := "Q'—Q' is contained in A[p\r\ A{L) tor, oo- 
Note that A[p\^A{L)tor,oo is a subgroup oip{A{Kn)^A{L)tor,cx^) which is 
contained in '^:^K„+i/KA^i.^n+i)^A{L)tor,oo)- Also, Q can be expressed 
as the difference ^k„+^/kSQ ) " Ea6Gai(i^„+i/x„) Therefore, Q is 
contained in l>\Kn^i/KS'^i.^n+i) H A{L)tor,oo)- This shows that 

A{Kn) n A(L)to,,oo C NK„/x„(^(i^m n A(L)to,,oo)), if m > n. 
Therefore, we have, for F = Kn, L' = K^, m > n > uq, 

\R\L'/F,A{L%r,p)\ = \A{Kn)tor,p/NK^/KAMKm)tor,p)\ < \T\. 

We can choose |T| as the desired bound. □ 

2.3. The proofs of Theorem 11.21 and Theorem II. 4i We first prove 
that Theorem 11.11 implies Theorem 11.21 Let S{F) denote the set of 
places of F sitting over S. Let L'/F be a finite intermediate extension 
of L/F and put G = Gal{L' / F). For m = 1,2, ...,cxd, consider the 
restriction map 

resm : R\F,An R^L^Alp^^jf, 

and define 

Selj,oo(L7F) := {r] G R\F,A[p°°]) \ res^{r]) G Selpoo(L')}. 
Then Selpoo(F) C Selpoo(L'/F) and for the restriction map 
resL'/F '■ Selpoo(F) — > Selpoo(L')*^, 
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we have the inequahties: 

I ker(resL//i7')| < I ker(reSoo)|, (13) 

and 

I coker(resL//i;')| < | coker(reSoo)| ■ | Selpoo(L'/F) : Selpoo(F)|. (14) 

For every m apply the Hochschild-Serre spectral sequence ( |Mil80] . p. 
105) 

ff(G,ff (L',^[pn)) =^ ir^\F,A[p"']). 
The spectral sequence says that ker(reSm) equals H^(G, ^[p™](L')) and 
coker(reSm) is isomorphic to a subgroup of H^(G', A\p"^]{L')) . We have 
A\p"^]{L') = A{L')[p"^], which equals A{L')tor,p for large enough. By 
letting m go to oo and by applying Corollary 12.31 we conclude that 
the orders | ker(reSoo)|, | coker(resoo)| are finite and they are bounded 
if c? = 1 and F varies. 

To bound the index | Selpoo (L'/ F) : Selpoo (F) | , we use the exact se- 
quence 

Selpoo(F) SeV(L7F) ^ ^R\LJ F,, A{L,)), (15) 

V 

where in the right term v runs through all places of F. For each v, 
let be the residue field and let rriy be the number of components of 
the special fiber of the Neron model of A at f. We first note that if v 
split completely in L, then the cohomology group }i^{L/Ky, A{Ly)) = 0. 
Then we apply Theorem II. II (for v E S) together with Proposition 1.3.8 
of |Mil86] (for v ^ S and hence unramified) to show that the index 
is bounded by the product Bp := HtiesCF) \M^v)p\'^~^^ ■ Ilv(s{F)^vy 
where in the second product v runs through all the places not splitting 
completely in L. We also note that this is a finite product, since m„ = 1 
if A has good reduction at v. Therefore, the index is finite and the first 
statement of Theorem 11.21 is proved. Moreover, if = 1 and fo is a 
place of K not splitting completely in L, then the decomposition group 
of Vq is a non-trivial closed subgroup of F ~ Zp with finite index, and 
hence the number of place of L sitting over vq is finite. This implies 
that the number of place of F sitting over vq is bounded as F varies. 
Therefore, the product is bounded, and this completes the proof of 
Theorem 11.21 

To prove Theorem 11.41 we use Nakayama lemma. We need to show 
that for each finite intermediate extension L'/K G L/K, the order of 
the p-torsion subgroup of coker [resi'/K) is bounded. We apply Corol- 
lary [2l3] and use an argument similar to the above. Then we reduce the 
proof to showing that for each f G S" at which A has split multiplicative 
reduction, the |}-torsion subgroup of }i^{L'^/Ky, A{L'^)) is bounded as 
L' varies. For this, we use the exact sequence 

_ ^ (L;)* ^ A{L'J 0, 



10 



KI-SENG TAN 



where Q is the local Tate's period. Hilbert's theorem 90 implies that 
Y{^{L'^/ K^^ A{L'^)) is isomorphic to a subgroup of 

YC{G^\{L'JK,),Q'^) ~ U\G^\{L'JK,),Z) ~ Hi(Gal(L:/ir,),Q/Z). 

Obviously, the order of its p-torsion subgroup is bounded by 

3. Inseparable Extensions 

In this section, we assume that A is an abelian variety over the local 
field K = ¥g{{T)) so that the reduction A of A is an ordinary abelian 
variety. 

3.1. The dual abelian variety. Consider a finite extension L/K. 
The Frobenius substitution Frobp induces a Gx-isomorphism: 

Frobp : A(L(1/P)) ^ A^p\L) , . 

P ^ F(P). ^ ^ 

We apply (|TU|) to the equality which, according to Corollary 12.1( c). 
can be written as A^(L^^^p^) = l/pA^{L). We then use the relation ([3]) 
to deduce a new equality: 

V{{A^P^y{L)) = V{F{A\L^^^P^))) = y{F{l/pA\L))) = A\L). (17) 

Let B denote the dual abelian variety to A over K. Being isogenous 
to A, B also has ordinary reduction. Let F : B^^^ — > B be the dual 
to the Frobenius isogeny F. Then the kernel of F, which is the dual of 
(/ip)^, is exactly the maximal etale subgroup of the group scheme B^^'' [p] 
(the kernel of the multiplication by p on B^'^). On the other hand, if we 
write [p\bi the multiplication by p on 5, as the composition o F^, 
then is separable and hence its kernel also equals the maximal etale 
subgroup of i3*-^-'[p]. In view of these, we see that F = Vb o $, for some 
isomorphism $ : B'^^^ — ^ B^p\ In particular, we have Y {{B^^^^Y [L]) = 
YBiiB(P^)HL)). 

By letting B play the role of A in f|T7j) . we prove the following. 
Lemma 3.1. The map 

F|(^(.,)i(^):(i?(^))i(L)^i?i(L) 

is surjective. 

3.2. The local duality. Via the Poincare biextension W — > A x B 
(which is the compliment of the zero section in the Poincare line bundle 
over A X B, |Mum68 |). a point on B is regarded as an element in 
Ext(y4, Cm), and hence a point Q G B{L) gives rise to an exact sequence 
of Gi-modules: 

— >L* — >Wq — > A{L) — > 0. 
Using the induced long exact sequence: 

... — > H^(L, A)^B.\L, r) — . . . . , 
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we define (cf. |Mil86] . Appendix C) the local pairing of Q and a class 
^ e H^(L,A) as 

Here inv : H^(L, L*) — > Q/Z is the invariant of the Brauer group. 

If Wa, Wa' are Poincare biextensions associated to A, A' and / : 
A — > A' and / : B' — > B are dual isogenies, then (1 x ~ 
(/ X ( |Mum74] . p. 130). From this, we see that the local pairings 

are compatible with isogenies. In particular, we have the commutative 
diagram: 

<,>a,b,l: Y{\L,A)^B{L) Q/Z 

Fi TF II (18) 

<,>a(p),b(p),l: Hi(i:,A(p))x5(f)(L) Q/Z. 

We use f fTSj) to deduce the following (dual statement of Lemma EH]). 

Lemma 3.2. Let : H^(L, A) — > }i^{L, A^p'>) be the homomorphism 
induced from F. If^ e }i^{L,A) andF^(^) annihilates {B^p^Y(L), then 
^ must annihilate B^{L). 

We also have the commutative diagram induced from the Frobenius 
substitution: 

<,>A,B,Li^M- H1(L(Vp),A)x5(L(1/p)) ^ Q/Z 

Frobp* I I Frobp || 
<,>AM,BM,L- B\L,A(P^)xB(p\L) ^ Q/Z. 

Corollary 3.1. Let F,, : H^(L, A) — ^ }i\L^^/p\A) be the homomor- 
phism induced from the inclusion A(L) ^ A{L^^^^^). If ^ E }i^{L,A) 
and F=K*(^) annihilates B^(L^^^p^) , then ^ must annihilate B^(L). 

Proof. We observe that F,,,,, is just the composition Frob~^^ oF,,. □ 

Using Tate's local duality theorem ( |Tat62j . [Mil 70/72] ) which says 
that the local pairing is non-degenerate and it identifies H^(L, A) with 
the Pontryagin dual of B{L), we identify the annihilators of B^{K) 

with the dual group B{¥g) of B{¥g) = B{¥k). 
Corollary 3.2. The kernel of the homomorphism 

: }l\K,A) = 11\Gk,A{K)) H1(G^, ^(ir^Vp-))) 

induced from the inclusion A{K) — ^ A{K^^^^°°^) is contained inB(¥g). 

Proof. The corollary is proved by inductively applying Corollary 13. ll to 
the cases where L = for m = 0, 1, .... □ 

Note: It can be shown that the kernel actually equals B(¥q), but we 
do not need it here. 



12 



KI-SENG TAN 



3.3. Kummer theory. Over the field we are able to establish 
the related Kummer theory, because we have the exact sequence of Gk- 
modules 

Furthermore, in the exact sequence we can replace y4[p'"] by y4[p'"] 
(Lemma l2.ip . By taking the direct limit over m of the induced Kummer 
sequence, we get the following exact sequence: 

where R\Gk, A{K^^/P°^^))p denotes the p-primary part of the group 
}1^{Gk,A{K^^/p"°^)). Now equations (ED and (El) together actually im- 
ply 

^(7^(1/^^°°)) ®z Qp/Z, = A{K^'/P^\ ®z Qp/^p = 0. (19) 
If we set K = o : B^{K, A)^ — > Yi\GK, then, by Corol- 

lary [321 

ker(A;,) C B{¥q) (20) 

3.4. The proof of Theorem 11.11 First, we restrict the map A;^ to 
the finite p-group Y{^{L' /K,A{L')). Because of the inclusion ([20]), the 

kernel is also contained in B{¥q)_^ whose order equals |74(Fg)p|. On the 
other hand, by applying the equality f[T^ (for the case where K = L'), 
we can deduce that the image is contained in }i\Ga\{L' / K), A{¥l>)p). 
According to Corollary 12.1( e). the Gal(L'/i^')-module A{¥l')p equals 
A{L'^^^P"'^)tor.p for large enough m. In view of this. Corollary 12 . 21 implies 

\E\G^I{L'/K),A{¥l,)p)\ < \A{K'^'/P"'%r,p\' = \A{¥,)p\'. 
And the proof is completed. 
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